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Chapter 1 
INTRODUCTICK 
The increased availability and use of digital com-
puters has caused rapid changes in practically all areas of 
study. In structural engineering, two trends have become 
evident. The first of these has manifested itself in the 
increased use of general network and matrix formulations in 
structural analysis. The second trend has been toward the 
use of mathematical programming techniques in the solution 
of problems in optimal design. While many types of optimi-
zation problems have been treated in recent literature, very 
little has been done to present a unified formulation for 
the optimum design of framed structures. 
1.1 Purnose 
The object of this study is to develop a unified 
approach for the formulation and solution of problems in-
volving the optimum design of structural systems. It is not 
the purpose of this study to develop any new methods of 
structural analysis or new techniques of mathematical pro-
gramming, but rather to demonstrate that a single formulation 
may be used to formulate and solve most problems of optimum 
structural design. 
1 
2 
1.2 Scone 
Methods of plastic analysis and design have tradi-
tionally been treated separately from elastic methods, and 
the same trend has been followed in studies of structural 
optimization. While it is recognized that linear programming 
techniques may be applied to optimum design when limit analy-
sis or the theory of plastic collapse mechanisms is used [7, 
12, 23J,* optimization problems involving elastic behavior 
have, in general, been formulated as non-linear programming 
problems [2, 14, 26J. Moses introduced the concept of apply-
ing linear programming to elastic structures by replacing 
the non-linear equations by their first-order Taylor series 
term [22J. 
While much has been written concerning structural 
optimization, the majority of the literature has been directed 
toward the solution of particular structural types. Very 
little has been done to present a unified approach, based on 
a general matrix formulation, to the optimum design of framed 
structures. 
Fenves and Branin [5J developed the network-topo-
logical formulation of elastic structural analysis and 
Gonzales and Fenves [8J have presented a general formulation 
* Numbers in brackets indicate works in the List of References. 
:3 
for bo~h the analysis and design of rigid-plastic structures. 
The latter work considers only design variables and con-
straints which relate to ultimate capacity, and the equations 
obtained are linear. Even when stress interaction is consi-
dered, reasonable assumptions can be made to linearize the 
problem. 
This study develops a general formulation for 
optimum design which includes the entire range of design 
variables and behavior constraints. Elastic behavior, in 
the form of working stress limitations, and ultimate capacity 
under multiple loading conditions are considered. In addi-
tion, provisions are made for designating groups of members 
to be made identical. 
The formulation is presented in the form of an 
iterative set of linear prograwning problems. The design 
variables relating to elastic and ultimate behavior are line-
arly related and the objective function to be minimized is 
expressed as a linear function of the design variables. By 
making assumptions about the member properties and sizes, 
the constraints which define the problem are also expressed 
in linear form. 
It would be possible to develop a somewhat more 
general formulation in the form of a non-linear programming 
problem, but methods now available for solving such problems 
4 
[2, 30J are not readily applicable, since they involve 
selecting a feasible solution, moving the solution until a 
constraint is encountered, moving along that constraint 
until another constraint is encountered, determining whether 
or not the neVI constraint is active, etc., until the optimum 
is rea.ched. Because of the large number of constraints 
which are possible, such a procedure can be a very laborious 
and time-consuming operation, even when carried out on a 
large-scale digital computer. Therefore, this study is re-
stricted to the linear programming approach only. 
1.3 Assumptions and Limitations 
The assumptions and limitations used in this study 
are: 
(a) Structural geometry is known. It is the sizes 
of the members, rather than their configuration, which is to 
be optimized" 
(b) The types of structures to be considered are 
plane grids, plane frames, and space frames, since these 
types can be represented as networks. It is possible to 
extend the formulations which are developed to trusses also, 
but portions of the formulations will then degenerate (e.g., 
member force interaction need not be considered). 
(c) The material is linearly elastic - perfectly 
5 
plastic. When yielding occurs, there is no "spread length" 
alon~ the member. 
(d) All members are straight and prismatic with 
cross sections having two orthogonal axes of symmetry. 
(e) Buckling is not considered. 
(f) Deflections are assumed to be small. There-
fore, secondary effects can be ignored. 
(g) yield hinges and working stress limits can 
occur only at member ends. Therefore: 
(h) Loads are restricted to concentrated loads 
(forces and couples) at the joints. If it is desired to 
place a load elsewhere, a fictitious joint must be inserted 
at that point. 
1.4 Organization of Report 
In Chapter 2, after a brief review of structural 
vectors and matrices, a basic formulation for optimum design 
is developed. The yield and working stress constraints are 
presented separately and then combined to form a linear pro-
gramming problem. A method for specifying "member groups" 
is also presented. 
Chapter 3 generalizes the basic formulation to 
include multiple loads and alternative loading combinations. 
Chapter 4 discusses a computer program which was 
6 
written to implement the formulations developed in Chapters 
2 and 3. 
In Chapter 5, several sample problems are presented. 
These are solved using the computer program described in 
Chapter 4. The efficiency of the program in solving these 
problems is discussed. 
Finally, Chapter 6 presents a summary of conclu-
sions reached during the course of this study and several 
suggestions for further investigation. 
Chapter 2 
BASIC FORMULATION 
This chapter presents a basic formulation for the 
optimum design of framed structures. First, some basic con-
cepts concerning structural variables and matrices are re-
viewed, and then the types of constraint equations and in-
equalities necessary to describe the problem are discussed. 
Finally, the basic formulation is presented as an iterative 
set of linear programming problems, and a method for defining 
"member groups" is presented. 
2.1 structural Variables and Matrices 
Consider a structure having b members and n free 
joints. A member is represented as an oriented branch going 
from its positive or A-end to ·its negative or B-end. Each 
member has its own member coordinate system, with the member 
x-axis lying along, and oriented in the same direction as, 
the member. Since the members can have completely different 
orientations and coordinate systems from one another, it is 
necessary to define a single global coordinate system for 
the structure as a whole. In this study, only frames and 
grids are considered. For such structures, the number of 
force and distortion vector components (degrees of freedom) 
7 
8 
in member and global coordinates are the same and is denoted 
by f. 
The following vectors are needed to define the 
forces and distortions of the structure (the notation used 
follows that of Fenves and Branin [5J as closely as possible): 
P' is a vector of externally applied joint loads, 
consisting of n subvectors (one for each free joint), each 
of order f. It is expressed in global coordinates. 
u' is a vector of joint displacements, also in 
global coordinates and of the same order as pt. 
R is a vector of member forces, expressed in mem-
ber coordinates at the B-ends of the members and containing 
b subvectors of order f. 
V is a vector of member distortions, also in mem-
ber coordinates and of the same order as R. 
The structural matrices used in this study are the 
following: 
A is the branch-node incidence matrix, a typical 
submatrix, Aij , of which is (Tl, -HIT{, 0) if member i is 
(negatively, positively, not) incident on joint j. Hi is a 
square translation matrix of order f which transfers the 
member force from a negative end force to a positive end 
force (i.e., RAi = HiRBi ), both in member coordinates. T. l 
is a square rotation matrix of order f which transforms the 
9 
member force vector at the negative end of member i from 
member to global coordinates. 
k is the unassembled stiffness matrix, a diagonal 
matrix of b submatrices k., where k. is a square matrix of 
1. 1. 
order I which defines the stiffness of member i (i.e., Ri = 
k.V.) for working loads. 
1. 1. 
other vectors and matrices will be defined as they 
are introduced. 
The stiffness (or node) method is the "classical" 
method for elastic analysis and presents greater assets for 
computer implementation than does the flexibility (or mesh) 
method. Gonzales and Fenves [8J have shown that the node 
method is also more readily adaptable for plastic analysis 
and design. For these reasons, the formulations developed 
in the following sections are based on the node method. 
Therefore, it is not necessary in this study to employ the 
node-to-datum path and branch-circuit matrices or the redun-
dant member force vector, since these are needed only for 
the mesh method. 
2.2 Yield Constraints 
The static or lower-bound theorem of plastic analy-
sis [9J states that the load-carrying capacity of a struc-
ture is the largest load which corresponds to a statically 
10 
admissible state of stress. A statically admissible state 
of stress is defined as a state in which: 
(a) the stresses are in internal equilibrium, as 
well as in equilibrium with the external loads; and 
(b) the yield limit is not exceeded anywhere in 
the structure. 
Thus, for plastic analysis, two types of constraints, 
corresponding to (a) and (b) above, are requiredl equilibrium 
constraints and member yield force constraints. 
Gonzales and Fenves [8J have shovm that plastic 
design problems can be formulated similarly to plastic analy-
sis problems and that the same types of constraints are re-
quired for design. Thus, equilibrium and member force con-
straints must be imposed for design. 
2.2.1 Equilibrium constraints 
In order for the structure to be in equilibrium 
(both internal and external), the sum of the member forces 
at each joint must be equal to the externally applied load(s) 
at that joint. In matrix notation: 
A tR = P' 
Y Y (2-1) 
where Ry is a vector of member yield forces at the B-ends of 
the members, P' is a vector of externally applied joint yield y 
loads, and A is as defined in Section 2.1. The superscript 
11 
"t" denotes matrix transposition. 
2.2.2 l';'Iember force constraints 
Recalling that yield hinges can occur only at 
member ends, let R' denote a vector of yield forces at both y 
ends of the members in the structure. Ry can be expressed 
as: 
R' =QR (2-2) Y Y 
where Q is a diagonal matrix of submatrices Q .• A typical 
l. 
subvector P , . \. . 
yl. 
of R' is: y 
R '. = _;t~~ 
{
R A  
yl. R B. Y l. 
(2-3) 
Since Rt\. = H. R3.' Eq. 2-2 can be rewritten as: 
nl l.: 1 
R BO Y l. 
where I is an identity matrix of order f. 
of the form: 
(2-4) 
Therefore, Q. is 
l. 
(2-5) 
The vector R' contains all the member yield force y 
12 
components. However, since not all these components are 
necessarily used in the definition of yielding, it is neces-
sary to extract from H' the components actually needed. This y 
can be accomplished by the premultiplication of Rt by an y 
extractor matrix ~ , so that: y 
rtf = ~ R' 
Y Y Y 
(2-6) 
where the vector Ry contains only those components which are 
used to define yielding and ~y is a diagonal matrix of sub-
matrices ~ .• 
y~ 
If, for example, the structure of interest is a 
plane frame, Ry contains six (2f) elements per members namely, 
axial force, shear force, and bending moment at each end. 
Assuming that axial force and bending moment are used in de-
fining the yield criterion, a typical submat~ix ~ . will be yl 
of the form: 
(2-7) 
In general, the combinations of member forces 
which define yielding are not described by linear relations. 
However, it is possible to approximate the yield surface as 
a series of linear segments [13J. To continue with the above 
13 
example of a planar frame in which axial force and bending 
moment are the components of interest, the general form for 
one segment of the linearized yield surface at one end of a 
typical member i is: 
(2-8) 
where p and m are the axial force and bending moment at that 
end of member i, Pult and IDult are the ultimate values of p 
and m (i.e., Pul t is the value of p which will cause plastic 
yielding to occur when only axial force is acting on the 
member, etc.), and 91 and 92 are constants which define the 
yield surface segment. 
It is assumed in this study that Pult and m
ult can 
be linearly related to a single member reference yield ca-
pacity, Py • Thus, Pul t and mult can be expressed as: 
1 
- (a) Pult = y Py 
1 (2-9) 
1 
- (b) mult = y Py 2 
The yield capacity of member i, p ., can be selected as any 
y~ 
section property (e.g., cross-sectional area, plastic modu-
lus, mult ' etc.) which can be linearly related to the sec-
tion's ultimate axial force and moment capacities, as in 
14 
Eqs. 2-9, by constants 1/Y1 and 1/Y2. 
Substituting Eqs. 2-9 into 2-8 and rearranging 
terms gives: 
Eq. 2-10 can be cast in matrix form as: 
-p . -yl 
(2-10) 
> 0 (2-11) 
Thus, it can be seen from Eq. 2-11 that a vector R* of mem-y 
ber yield forces, normalized with respect to the member 
plastic capacities, p , can be defined as: y 
R* = r R' y y y (2-12) 
fy isa diagonal matrix of submatrices r . which contain the yl 
constants y. Recalling that Eq. 2-11 represents only one end 
of member i, fyi for the above example can be written as: 
r . = yl. 
in which Yl and Y2 are constants defined in Eqs. 2-9. 
(2-13) 
Finally, ~~ is defined as a vector of linear com-
binations of member yield forces, and (again referring to 
15 
Eq. 2-11) can be written as: 
R* = e R* y Y Y (2-14) 
where 8 is a diagonal matrix of submatrices e .. Y yl 
For example, in the 1970 AlSO Specification, the 
linearized yield surface for compression and bending is de-
fined by: 
+ 
m 
< 1 (a) 
-
mult - (2-15) 
---.:E.- + .85 _m_< 1 (b) 
Pult - mu1t -
Assuming that the same relation holds for combined tension 
and bending, a typical submatrix e . will be: Yl 
o 1 I , 
o -1 I 
1 .85 : 
1 -.85: 
-1 .85 I 
o 
-1 -.8~: -------~l--O---i--
o 
I 0 -1 
: 1 .85 
: 1 -.85 
I -1 .85 
: -1 -.85 
(2-16) 
Thus, if the yield surface is defined by s linear segments y 
(s = 6 above), e ).. will contain 2s rows. y y y 
Defining U . as a 2Sy vector of ones, the yield yJ. 
16 
force constraints for member i can be written as: 
u .p . - ~*. > 0 yl yl Yl- (2-17) 
and the entire set of member yield force constraints as: 
(2-18) 
in which Py is a'vector of member yield capacities and Uy is 
a diagonal matrix of vectors U .• Since each vector U . is yl y~ 
of the order 2Sy ' the matrix Uy is therefore of the order 
2bs x b. y 
Substituting Eqs. 2-14, 2-12, 2-6, and 2-2 into 
2-18, the yield force constraints can be written in terms of 
the basic variables, namely the forces, R , used in the y . 
equilibrium equations (Eq. 2-1) and the unknown plastic ref-
erence capacities, P J as: y 
(2-19) . 
In summary, the transformations on Ry are, from 
right to left, as follows I 
Q transforms R , a vector of member B-end yield y 
forces, into a vector of forces at both ends of the members; 
~y extracts the components which are used to define 
yielding; 
fy normalizes the force components with respect to 
the member reference yield capacities, p ; and y 
17 
8 y combines the normalized forces as defined by 
the linearized yield surface. 
IntroducingITy to denote the matrix product 8y f y 6yQ, 
the yield force constraints can be written as: 
Up -DR >0 Y y Y Y - (2-20) 
The constraints of Eq. 2-20 can be represented 
graphically as: 
(2-21) 
where n . represents the matrix product 8 .f .~ .Q .• yl yl yl yl 1 
2.3 Working Stress Constraints 
In the "classical" elastic solution of a framed 
structure, three types of equations must be satisfied. equi-
librium equations, member force-distortion equations, and 
structural compatibility equations. Due to the design nature 
of the problems considered in this study, it is necessary to 
impose a fourth set of constraints, namely member force con-
straints, to insure that working stress limits are not ex-
ceeded anywhere in the structure. 
It will be shown in the following sections that 
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the equilibrium and member force constraints for working 
loads can be formulated in a manner analogous to those for 
yield loads, and that the member force-distortion equations 
and structural compatibility equations can be combined into 
a single set of "compatibility" constraints. 
2.).1 Equilibrium constraints 
The equilibrium equations for working loads are 
exactly analogous to those for yield loads, namely: 
A tR = P' 
w w (2-22) 
The subscripts "w" indicate working forces and loads. 
2.).2 Member force constraints 
The member force constraints for working loads are 
also very similar in form to those for yield loads. R~ is a 
vector of working forces at both ends of the members and can 
be expressed as: 
R' = QR w w (2-23) 
where Q is exactly the same as defined by Eq. 2-5, since 
working stress limits, like yield limits, are specified only 
at member ends. 
R~ is a vector of member force components which are 
used to define working stress limits. It can be written ass 
19 
H' =L1 Rt 
w w w (2-24) 
~w is an extractor matrix similar to ~y,and extracts those 
components which enter into the definition of working stress 
limits, vlhich mayor may not be the same components used to 
define yielding. 
Pw (similar to Py) is defined as a vector of member 
working capacities which can be related linearly to the mem-
bers' maximum allowable force components by a matrix f (also 
w 
s~milar to its yield counterpart, fy). Thus, R~J a vector of 
member force components normalized with respect to Pw' can be 
computed by premultiplying R~ by fw: 
. R* = r R' 
w w w (2-25) 
R*, a vector of combinations of member force coro-w 
ponents which define working stress limits, is obtained by 
premultiplying R* bye: 
w w 
R* = e R* (2-26) w w w 
8w is a diagonal matrix of submatrices ewi~ For example, 
limiting working stress combinations can be defined by the 
inequalities: 
+~+ m <1 
Pall - mall 
(2-27) 
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where p and m are the axial force and bending moment at one 
end of a typical member, and Pall and mall are the maximum 
allowable values of p and m when they act separately. A 
typical submatrix, e .J for such a case will be: Wl 
1 1 I I 
1 -1 I 0 
-1 1 I I 
-1 -1 I e . = 
-------}--r---r (2-28) Wl 
t 1 -1 0 
, 
I -1 1 I 
I -1 -1 
Thus, the formulation of the member force con-
straints for working conditions is analogous to that for 
yield conditions, and can be written as: 
where U
w 
is a diagonal matrix of unit vectors U ., each of Wl 
order 2s , and s is the number of segments defining working' 
'N \~ 
stress limits (equal to 4 in Eqs. 2-27 and 2-28). 
Substituting Eqs. 2-26, 2-25, 2-24, and 2-23 into 
2-29. the member working force constraints can be written as: 
(2-30) 
Thus, the form of the working force constraints is 
similar to that for the yield force constraints. However, 
there is still a large degree of independence between the two 
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sets of force constraints in that: 
(a) the number and type of force components used 
to define working limits can be different from those defining 
yield (~w vs. ~y); 
(b) the relationships between the maximum allowable 
member forces and the working capacities, Pw' can be entirely 
different from those between the ultimate forces and the 
yield capacities, Py (fw vs. fy); 
(c) the number of linear segments defining working 
stress limits and yield limits can be different from one 
another (sw vs. Sy); and 
(d) the linear combinations of forces which define 
the working stress limits can be different from those which 
define yield (8w vs. 8 y ). 
Using I1w to denote the matrix product 8wfw~Qf the 
working force constraints can be rewritten as: 
(2-31) 
2.3.3 Comnatibility constraints 
The compatibility requirements for the structure, 
namely that the distortions of each member must be equal to 
the difference between the deflections of its end joints, can 
be stated in matrix form as: 
22 
v = Au' (2-32) 
where V is a vector of member distortions at working loads 
and u' is a vector of joint displacements. 
The member compatibility requirements are defined 
by the force-distortion equations: 
(2-33) 
where k is the unassembled stiffness matrix defined in Sec-
tion 2.1. 
Since the member distortions, V, are not of primary 
interest and need not be solved for, the two sets of equa-
tions above can be combined by substituting Eq. 2-32 into 
2-33 and rearranging terms, giving: 
kAu' - R = 0 w (2-34) 
Eq. 2-34 represents the compatibility constraints as they are 
used in this study. 
2.4 Optimum Design as a Linear Programming Problem 
The relationships of Eqs. 2-1, 2-20, 2-22, 2-31, 
and 2-34 represent the entire set of constraints which are 
needed to define the problem. As these constraints are formu-
lated, however, it is assumed that the yield variables and 
working stress variables are independent of one another. It 
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is therefore necessary to define the relationships between 
P' and P' of the equilibrium constraints (Eqs. 2-1 and 2-22) y w 
and between pyand Pw of the member force constraints (Eqs. 
2-20 and 2-)1) before the yield and working stress constraints 
can be combined into a single formulation. It is also neces-
sary to recognize that the stiffness matrix k is not actually 
known, since for a design problem the sizes of the members 
are not known. 
Thus, it is necessary to modify the constraints be-
fore an objective function is defined and the basic formula-
tion is presented as a linear programming problem. 
2.4.1 Eguilibrium constraints 
The applied joint loads for yield and working con-
ditions, Py and P~J are not actually independent of one 
another. The yield loads can be taken as being equal to the 
working loads times a "load factor": 
P' = tP' Y w (2-35) 
where t is the load factor. 
The equilibrium constraints can therefore be re-
written as: 
AtR = tP' 
Y 
A tR = P' 
w 
(a) 
(b) 
(2-36) 
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The subscripts By" and "w" can thus be dropped from P' since 
it is the only independent vector of joint loads. 
2.4.2 Member force constraints 
As the member force constraints are formulated in 
Eqs. 2-20 and 2-31, the member yield capacities and working 
capacities, p- and p , are independent of one another. This, y -w -
of course, is not the case, and it is necessary to take into 
account the relationship between the two sets of capacities. 
It is possible to define p (no subscript) as a vec-
tor of member reference capacities. These reference capaci-
ties can be selected as any section property of the members 
(e.g., area) which can be related to both their yield and 
working stress capacities, Py and Pw' by linear relationships 
of the form: 
= r yp 
-
= rw p 
(a) 
(b) 
(2-37) 
where rand r are diagonal matrices (of order b) of con-y w 
stants r . and r .• The selection of values for ry and rw 
yl Wl 
can involve many considerations (such as the member shape 
factors, assumed member proportions, etc.), as will be illus-
trated in the examples of Chapter 5. 
Using the above relationships, the member force 
constraints can be rewritten in the following form: 
Uyryp - I\Ry > 0 
uwr wP - I\;Rw > 0 
2.4.3 Compatibility constraints 
(a) 
(b) 
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(2-38) 
As the compatibility constraints are presented in 
Eq. 2-34, it is assumed that the member stiffnesses, as ex-
pressed by the k matrix, are known. This is not the case, 
however, since the stiffness of a member depends on its size. 
which is unknown. It is possible, however, to represent the 
stiffness matrix of any member as a matrix of constants times 
that member's reference capacitys 
k. = poke (2-39) ~ ~ ~ 
where Ki is a "scaled stiffness" matrix of member i. For 
example, the stiffness matrix for a member of a plane frame 
is: 
EA ~ 0 0 p 
0 
EIz EIz (2-40) k. = 12- -6-~ p3 22 
. EI
z EI 0 -6- 4_z p2 2 
where E is the modulus of elasticity, A is the cross-sec-
x 
tional area, I z is the moment of inertia, and 2 is the length 
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of the member. The scaled stiffness matrix is therefore: 
EAx 
0 0 
f 
E! Elz k. = 0 12 __ z -6- (2-41) ~ p3 12 
EIz EI 0 -6- 4_z 22 2 
inhere Ax is the scaled area (equal to Ax/Pi) and I z is the 
scaled moment of inertia (equal to Iz/Pi). If, for example, 
Pi is selected to represent the member's area, then Ax will 
equal 1.0 and I z will equal the (assumed) ratio of the mem-
ber's moment of inertia to its area, i.e., the square of the 
assumed value of the radius of gyration about the z-axis_ 
Substituting Eq. 2-39 directly into Eq. 2-34 would 
result in non-linear compatibility equations, since the pro-
ducts of two sets of unknowns, p and u t , appear in the term 
pE~u·. However, by replacing the unknowns Pi by a set of 
trial, or assumed, member capacities, Pi' the compatibility 
constraints can be rewritten in linear form as: 
pKAu' - R = 0 w (2-42) 
where K is a diagonal matrix of submatrices k. and p is a ~ 
diagonal matrix of submatrices which are identity matrices 
(of order f) times the trial values Pi-
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2~4.4 Objective function 
-Any set of values for p, R , R , and u t which y w 
satisfies the constraints of Eqs. 2-36, 2-38, and 2-42 rep-
resents a feasible design for the structure of interest. 
Since the object of this study is to develop a formulation 
for optimum design, it is necessary to define an objective 
or cost function, which is used as the criterion for deter-
mining which of the feasible designs is optimal. 
In this study, it is assumed that the cost per unit 
length of each member is proportional to its reference capa-
city, Pi. Therefore, the cost of a member is equal to its 
length times its reference capacit~ and the cost of the entire 
structure is the sum of the member costs. In vector notation, 
then, the objective function is: 
minimize t-L P 
where L is a vector of individual member lengths. 
(2-43) 
If, for example, the member areas are selected as 
the reference capacities, Eq. 2-43 will yield a minimum 
volume design. 
2.4.5 Basic formulation 
Using the objective function of Eq. 2-43 and the 
constraints of Eqs. 2-36, 2-38, and 2-42, the problem of 
optimum design can be cast in the following form: 
minimize t-L P 
subject to: 
A tR 
Y 
uyr yP - TIyRy 
A. tR 
. w 
U~wP -l\.Rw 
= tP' 
> 0 
-
= P' 
> 0 
-
pkAu' - Rw = 0 
P > 0 
u' unrestricted 
in sign 
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(a) 
(b) 
(c) 
(d) 
(2-44) 
(e ) 
(f) 
(g) 
(h) 
Constraints (b), (c), (d), (e), and (f) of Eq. 2-44 
can be cast more graphically ass 
f At , I 
= tp' , I I 
-----~---~---~--- P I I I Uri -IT I I > 0 
- ¥. -¥. - ~ - -~ -:- - - =t -:- - - - -
I I A I = p' (2-45) 
I I I 
~----~---~---~---U I 'I\, I > 0 wrw I I - I 
-
_____ L ____ ~ ___ ~---
I I 
-I I pKA 0 I I I = 
Eqs. 2-44 represent the basic formulation for the 
optimum design of framed structures, and is in the form of 
a linear programming (L-P) problem, with the values of p, 
R , Rw' and u' forming the solution vector. y 
An optimum solution is reached when the values of 
the reference capacities, p, are the same as the trial values 
29 
-of p. Thus, the problem can be solved as an iterative set of 
L-F problems, with the solution values, p, of one iteration 
being used for the trial values, ~J of the next iteration. 
If no reasonable values for p can be selected for the first 
trial, it is possible to avoid this problem by neglecting 
the constraints of Eq. 2-44(f) on the first iteration. Con-
vergence criteria (i.e., specifying how close the values of 
p and p must be before the solution can be considered to have 
converged) can be set to whatever is deemed necessary for the 
problem being solved. 
The initial selection of constants for the ry , rw' 
r y , rw' and K matrices involve assumptions regarding the 
member types and sizes. The iterative nature of the solution 
process, however, allows revisions to be made in these matri-
ces if the initial assumptions prove to be invalid. 
The solution vector contains the values for the 
member reference capacities (p), member yield forces (R ), y 
member working forces (Rw)' and elastic joint deflections 
(u'). If desired, the ultimate and allowable member force 
component capacities can be obtained by using the relation-
ships of Eqs. 2-9 and 2-37 to give: 
1 - (a) Puki = -- r .p. Y k" yl. l. Y l. (2-46) 
1 
- (b) Paki = --r wiPi Ywki 
)0 
where Puki and Paki are, respectively, the ultimate and 
allowable capacities for the kth force component of member i, 
Y kO and Y kO are the corresponding elements of the rand y 1 W 1 Y 
r matrices, and r 0' r 0' and p. are as previously defined. 
'IN yl Wl 1 
2.5 Specification of Member Groups 
When designing framed structures, it is usually 
desirable to specify groups of members as being identical. 
This type of "member group" designation can be incorporated 
very simply into the basic formulation of Eqs. 2-44 by rede-
fining the p and L vectors and the Uy and Uw matrices as 
follows I 
(a) p is a vector of elements -Pk' where -Pk is the 
reference capacity of all members in member group ki 
(b) L is a vector of elements Lk , where Lk is the 
sum of the lengths of all members in member group k; 
(c) the unit vectors, Uyi ' Which comprise uy ' are 
arranged so that every Uyi which corresponds to a member in 
group k is placed in column k. Thus, there are as many col-
umns in Uy as there are member groups in the structure; and 
(d) Uw is redefined similarly to Uyo 
Obviously, the input values ryi' rwi' and Pi will 
be the same for all members in the same member group. 
As an example of the above redefinitions, consider 
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a structure of three members in which members 1 and 3 are to 
be identical (i.e., comprise one member group). L will be 
of the forml 
(2-47) 
-where the subscripts refer to individual members; p will be: 
(2-48) 
where the subscripts refer to member groups; and Uy and Uw 
will appear as I 
1 I I 
1 I I 
• 
1 
• 
I 
• I I 
1 I 
-...1--
: 1 
: 1 
U = I • (2-49) I 
• t • I 
I 1 
_..J.._ 
I 
1 I 
1 : 
I 
• 
• 
I 
• I I 
1 I I 
-Henceforth, L, p, Uy ' and Uw will be assumed to 
conform to the redefinitions given in this section. The case 
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where all member capacities are independent of one another 
is merely a special form of these redefinitions, with each 
member comprising its own member group. 
8hapter 3 
GENERALIZATION OF FORMULATION FOR ALTERNATIVE LOADS 
The basic formulation of Eqs. 2-44 represents a 
linear programming formulation for the optimum design of a 
framed structure acted upon by a single set of external joint 
loads. Alternative loading combinations are not considered. 
In this chapter, the basic formulation is general-
ized to consider alternative loads. 
3.1 Independent Loads and Alternative Loading Combinations 
The types of independent loads which can act on a 
structure include a dead load; live load; wind load; and 
forces due to earthquake, hurricane, or other natural phe-
nomenon. 
It is grossly over-conservative in structural de-
sign to assume that the maximum values for all the indepen-
dent loadings act simultaneously. Therefore, it is neces-
sary to define the alternative loading combinations which 
can reasonably be expected and which must be considered in 
designing the structure. 
For example, the 1970 AISC Specification requires 
that the following loading combinations be considered in the 
plastic design of a continuous frame subject to dead, live, 
33 
and wind load: 
1.85 (dead + live) 
1.40 (dead + live + wind) 
(a) 
(b) 
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(3-1) 
The corresponding combinations for working stress design are: 
1.00 (dead + live) 
.75 (dead + live + wind) 
(a) 
(b) 
(3-2) 
The alternative loading combinations defined by 
Eqs. 3-1 and 3-2 can be expressed in matrix form. If A is y 
a matrix which defines the yield combinations, containing 
one column for each independent load and one row for each 
alternative yield load combination, then for Eqs. 3-1: 
A = [1.85 
y 1.40 
1.85 
1.40 
(3-3) 
Similarly, the working load combinations of Eqs. 
3-2 are defined by matrix 
A = [1.00 
w .75 
A : 
w 
1.00 
.75 
(3-4) 
The number of columns in Ay and Aware the same 
(equal to the number of independent loadings, which is de-
noted n i ), but the number of rows need not be the same. 
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Denoting the number of yield combinations and working stress 
combinations as ny and nw' respectively, Ay contains ny rows 
and AW contains nw rows. 
3.2 Generalization of Formulation 
In order to generalize the basic formulation to 
consider alternative loading combinations, it is necessary 
to redefine some of the structural vectors and matrices 
which were introduced in Chapter 2 and to modify the equi-
librium. member force, and compatibility constraints. 
3.2.1 Redefinitions 
The vector of external joint loads, pt, considers 
only one set of loads as defined in Chapter 2. To consider 
multiple independent loads, p' for the generalized formula-
tion is defined as: 
P' = (3-5) 
where the subscripts ~, S, etc. indicate the independent 
loads. 
Since a separate load factor, t, can be associated 
with each independent loading, t is redefined as a diagonal 
matrix of submatrices which are identity matrices (of order 
nf) times constants t , t~, etc. 
Cl ..... 
The member force vectors, Ry and Rw' are similar 
in form to P' a 
(3-6) 
with the subvectors Rya' Rwa.' etc. corresponding to the mem-
ber yield and working forces for independent loadings a, etc. 
It is possible to redefine the vector of joint dis-
placements, u t , similarly to pt, Ry ' and Rw' with each sub-
vector corresponding to an independent loading. However, 
since it is the joint displacements of the alternative load-
ing combinations which are of practical interest to the 
designer, u' is redefined as: 
(" u' 
A I 
u' B I 
u' = ) (3-7) 
• ( • 
• I 
u' j 
~) 
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where the subscripts A, B, etc. indicate the alternative 
loads. 
-The p vector of member reference capacities remains 
as previously defined in Section 2.5. 
3.2.2 Equilibrium constraints 
The equilibrium constraints for a single indepen-
dent load case are presented in Eqs. 2-36. In the case of 
multiple independent loadings, equations of the same type 
are required for each loading: 
t 
taP; (a) ARyo. = 
t p' Cb) A Rwa. = a (3-8) t 
A Ryl3 = t~Ps (c) 
t p' Cd) A RwS = S 
etc. 
Thus, the entire set of equilibrium constraints 
can be written aSI 
At /' R ex I ta. P; _"'t_ At R S ~~:~ ,.} _"'t~ = (3-9) ) 
• i 
• • ! 
t 
~'''' 
and: 
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= (3-10) 
• 
Using At to represent a diagonal matrix of n. sub-
1 
matrices At (one subrnatrix per independent load), the equi-
librium equations area 
At R = tp' (a) 
- y (3-11) 
At R = p' (b) 
- w 
where Ry ' Rw' p', and t are as defined in Section 3.2.1. 
3.2.3 Member force constraints 
Eqs. 2-38 give the member force constraints for a 
single independent loading. For multiple independent loads 
and alternative loading combinations, it is necessary to 
consider combinations of the independent member forces (R , ya 
Rwa' etc.), as defined by relationships similar to those of 
Eqs. 3-1 and 3-2. 
Consider, for example, a structure of two members 
with the alternative loadings defined by Eqs. 3-1 and 3-2. 
For simplicity, let the dead load and live load be combined 
into a single independent loading so thats 
r1 • 85 0 l 
Ay = ~ .40 1.4~ (3-12) 
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The member yield force constraints required for this struc-
ture are: 
U r 13 
- ~ 1 (1 • 8 5Rya 1 ) > 0 (a) yl yl 1 
-
UylrylPl - ~1 (1.40Rya1 + 1.40RyS1 ) > 0 (b) 
- (3-13) 
Uy2ry2P2 - f\2 (1. 85Rytl2 ) > 0 (c) 
-
U r -0 
- f\2 (1.40nya2 + 1.4oR "2) > 0 (d) y2 y2~2 YP -
where the numerical subscripts refer to the members. 
The constraints of Eqs. 3-13 can be expressed more 
~ 
graphically in the form: 
> 0 
(3-14) 
Using the symbol A to denote the matrix which nre-y 
multiplies the Ry vector in Eq. 3-14, the member yield force 
constraints for a general structure can be written in the 
form: 
Urp-AR >0 y y y y (3-15) 
-where rand p are as previously defined, R is as defined y y 
by Eq. 3-6, U is as defined in Section 2.5 except that y 
there are n subvectors U . per member, and A is a bn x bn. y yl Y Y l 
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matrix of submatrices, each 2s x f, where a typical sub-y 
matrix for member i, independent loading j, and loading 
combination q, is: 
A = "- II yi (a) Ygh Yqj 
where g = n (i - 1) + q (b) y 
h = b (j - 1) + i (c ) 
(3-16) 
i = 1, · . . , b Cd) 
j = 1, · . . , n. (e) l. 
q = 1, • •• J n (f) y 
All other submatrices are zero. 
Redefining Uw similarly to Uy (i.e., nw subvectors 
U . per member) and A similarly to A J the member working 
Wl. . W Y 
force constraints can be written as: 
(3-17) 
3.2.4 Compatibility constraints 
The compatibility constraints for a single loading 
are given by Eq. 2-42. Since u' for multiple loadings is 
defined as the joint deflections for the alternative loads 
(Eq. 3-7), rather than for the independent loads, it is 
necessary to combine the independent member forces of Rw 
(Eq. 3-6) in accordance with the alternative loading combina-
tions defined by the ~ matrix. 
w 
Using, for example, the alternative loads defined 
by the AW matrix of Eq. 3-12, the compatibility constraints 
required are: 
pkAUA 
pkAuB 
-- 0 
( • 75 Rwa. + • 7 S RWd ) = 0 
(a) 
(b) 
(3-18) 
where uA and uB are the joint deflections corresponding to 
the alternative loads and Rwa and Rw~ are the working member 
forces corresponding to the independent loads. 
Eqs. 3-18 can be written in the form: 
(3-19) 
Thus, the compatibility constraints for alternative 
loads can be written as! 
PKA u' - A * R = 0 w w (3-20) 
where pKA denotes a diagonal matrix of nw submatrices pkA 
and A: is a matrix whose typical submatrix is equal to the 
corresponding coefficient of the Aw matrix times an identity 
matrix (of order bf). 
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3.2.5 Generalized formulation 
A generalized formulation which considers alterna-
tive loading combinations can be assembled from the con-
straints of Eq.s. 3-11, 3-15, 3-17, and 3-20 and the same 
objective function (Eq. 2-43) used for the basic formula-
tions 
minimize t-L P 
subject to: 
A tR 
- y 
U r p y y - A R y y 
A tR 
- w 
Uwrwp - A R w w 
pkAu' A*R w w 
-p 
= tp' 
> 0 
-
= p' 
> 0 
-
= 0 
> 0 
-
R y' Rw' u' unrestricted in sign 
(a) 
(b) 
(c) 
(d) 
(3-21) 
(e) 
( f) 
(g) 
(h) 
Thus, the generalized formulation, like the basic 
formulation, is an iterative set of linear programming prob-
lems. The final solution vector contains the values of the 
member reference capacities, p, the yield and working member 
forces, Ry and Rw' corresponding to the independent loads, 
and the elastic joint deflections, u', corresponding to the 
combined working loads. 
In graphical form, the constraints of the general-
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ized formulation are: 
"' ::~~ (' 
---
P' 
~~~ j 
(3-22) 
I A t I I 
I -I 1 
----~----~---_r---Uri -A I I _~_~JL __ ~_L __ %_L __ _ 
I I 11 I 
I I A I 
I 1-' 
-----,----r----.---U r' I -A I W W I I W I 
----~----~---~---
, , -A* I piCA 
I I Wi: 
I I I 
= 
-p 
> 
R -
--~ = 
Rw 
> 
u' -
= 
In general, the t matrix in constraint (b) of Eq. 
3-21 can be dropped from the generalized formulation since 
the load factors are explicitly contained in the A and A y w 
matrices. 
It should be noted that the basic formulation (Eqs. 
2-44) is merely a special case of the generalized formulation 
with the number of independent loads and the number of alter-
native loading combinations for both yield and working loads 
all equal to one (n i = ny = n = 1), and with A = A = 1.00. w y w 
Chapter 4 
IMPLEMENTATION 
A computer program was written to implement the 
generalized formulation of Eqs. 3-21. It consists of two 
main parts: (1) a POST program with FORTRAN subroutines and 
(2) a general-purpose linear programming solver. The pro-
gram was wri tten to run as a single job on the IBI'.'i/360 
system. One run corresponds to one cycle of the iterative 
process. Thus, all intermediate results are available and 
changes can be made in the various matrices between itera-
tions. The output values of p can be compared to the input 
-assumed values of p to determine whether the solution has 
converged. 
A flow diagram for the program is presented in 
Fig. 1. The individual operations within the program are 
discussed in the succeeding. paragraphs. 
4.1 POST - FORTRAN Program 
POST [20J is a computer language very similar to 
FORTRAN, but includes implicit matrix operations and dynamic 
storage allocation. It is therefore ideally suited for this 
study in which large numbers of matrices of various sizes 
44 
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must be generated and manipulated. 
In the POST program, data which define the struc-
tural type (plane frame, plane grid, or space frame), size 
(number of members, joints, and supports), geometry (joint 
coordinates and~ember incidences), and member group desig-
nations are read first (Box 1 in Fig. 1). The program is 
written so that a problem may be solved by considering- only 
the yield constraints or only the working stress constraints, 
as well as by considering the entire set of constraints. 
Also, for the purpose of obtaining initial trial values for 
p, the compatibility equations may be neglected even when 
the other working stress constraints are considered. There-
fore, indicators which define the problem type (yield only, 
working stress only, or both) and the status o~ the compati-
bili ty constraints (enforced 'or not enforced) are also read. 
After certain values are initialized (e.g., f is set to 3 for 
a plane frame or grid, to 6 for a space frame) in Box 2, the 
rest of the data which define the assumed member properties, 
yield and working stress limits, independent sets of joint 
loads, and alternative loading combinations are read in Box 3. 
Information which defines the number and types of constraints 
of the L-P problem is then passed to a disk (Box 17), by 
means of a FORTRAN subroutine (Box 4), in a format which can 
be read by the L-P solver. 
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The objective function, the member IT matrices, and 
the submatrices which comprise the A, k, etc. matrices are 
computed by considering each member in turn (Boxes 5 through 
10). Since much of the information can be passed to the 
disk immediately, the amount of storage required is greatly 
reduced. However, this sequence of computations causes the 
order of the variables (columns) to be changed, since the 
L-P matrix (the matrix in Eq. 3-22) must be input to the L-F 
solver columnwise. The order in which the variables are 
generated by the computer program is: first R, then u', and 
finally p, where R combines Ry and Rw in the form: 
Ry1J 
~!! ~ 
R = 
Ry2 (4-1) 
Rw2 i 
--- , 
~ J 
where the numerical subscripts indicate the members. As 
these computations are made, a FORTRAN subroutine (Box 11) 
writes the columns corresponding to R onto the disk. Infor-
mation pertaining to the u t and p columns is retained in 
primary storage. 
In Boxes 12 through 14, the information needed to 
47 
define the u' columns is computed and written onto the disk, 
if compatibility is enforced. Finally, two more FORTRAN 
subroutines (Boxes 15 and 16) write information pertaining 
to the p columns, including the coefficients of the objective 
function, the load vectors, and the bounds (Eq. 3-21(h)) on 
the disk. 
4.2 Linear Programming Solver 
The second part of the program consists of a Mathe-
matical Programming System/360 (MPS) routine which solves 
the L-P problem defined by the generalized formulation. The 
data is read (Box 18) from the disk file (Box 17) which was 
created by the POST-FORTRAN part of the program. The problem 
is solved in Box 19 and the solution printed i~ Box 20. 
The !VIPS language [18, 19J, in addition to its large 
capacity (up to 4095 constraints and unlimited number of 
variables), allows many options in selecting solution stra-
tegies and specifying the type of documentation and output 
desired. For example, it is possible to have all the input 
data printed out in tabular form and/or to have the input 
matrix represented in graphical form. 
The MRS output gives the value of the objective 
function, the row activities (i.e., an evaluation of the 
terms to the left of the = and ~ signs of the constraints), 
48 
and the values of the variables (R, u', and p) which form 
the solution vector. 
Chapter 5 
ILLUSTRATIVE EXAMPLES 
This chapter describes a number of problems which 
were solved using the formulations developed in Chapters 2 
and 3 and the computer program discussed in Chapter 4. 
The first structure considered is a two-story plane 
frame. This structure is small enough that it can be solved 
for many parameter variations without the computer time re-
quired becoming too great. In the second part of the chapter, 
a larger structure, a space frame, is considered in order to 
determine the applicability of the formulations and computer 
program to structures of this type. 
In all cases, the results presented consist only of 
the value of the objective function and, for the space frame, 
the values of the member capacities. The computer output, 
however, contained complete information regarding the member 
forces, joint deflections, etc. 
5.1 Plane Frame Design 
The first structure considered is the two-story 
plane frame shown in Fig. 2. The beams are divided into two 
members each in order to accommodate mid-span loads. The 
beams constitute one member group (i.e., are to be made iden-
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tical), the upper story columns a second, and the lower story 
columns a third member group. Thus, the structure contains 
six free joints, eight members, and three member groups. 
As stated in Chapter 2, it is necessary to make 
certain assurnntions about the members in deriving the fy' fw' 
r , r , and k matrices. First, the member capacities are y w 
defined as: 
-p = A 
x 
(a) 
(b) (5-1) 
(c) 
-8hoosing p as A will result in a minimum volume 
x 
design. 
Selecting axial force and bending moment as the 
member force components which define the yield and working 
stress limits, the coefficients which are needed to define 
the ryand fw matrices (see Eqs. 2-9 and 2-13) aret 
- Z Z ~ mult a 
= = 
-X-
= A Pult Pult ° A Y x x 
(a) 
~ 
= mult 
1 (b) 
- GaS S Pw mall 
= = 
°aAx 
= A Pall Pall x 
(5-2) 
(c) 
-Pw 1 = 
mall 
(d) 
51 
where 0 and 0 are the yield and allowable stresses, re-y a 
spectively, and Z and S are the plastic and elastic section 
moduli. 
The coefficients needed to define the ry and rw 
matrices are: 
- Z ~ m ° = ult -L r = = y 
P A A x x 
(a) 
(5-3) 
-
°as Pw mall 
rw = = = 
- A A P x x 
(b) 
and the values needed to compute Ie are: 
A 
A x 1 = = x 
-p 
!z 
I z I z 
= = 
P A x 
(a) 
(5-4) 
(b) 
It is assumed that the structure is to be made of 
steel wide flange (WF) sections, with the beams 10 inches 
deep and the columns (both upper and lower) 8 inches deep_ 
Selecting an "average" radius of gyration of 4.32 
inches and a value of 0.9 for the ratio S/Z, the following 
approximate relationships exist for the 10 WF membersz 
(4.32)2 = 18.6 (a) 
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S Iz/Ax 18.6 
A = ~ s.o = 3.72 (b) d/2 x (5-5) 
z 
"" 
.l!.E 4.13 (c ) = A '" .9 x 
where d is the depth of the member. 
Similarly, for the 8 WF columns, with an assumed 
radius of gyration of 3.47 inches: 
I z (3.47)2 = 12.0 (a) A ~ 
x 
S 12.0 3.0 (b) (5-6) A ~ --zr.o = 
x 
z l& - 3.33 (c) A ~ .9 -
x 
Thus, by substituting Eqs. 5-5 and 5-6 and the 
values of cr and a into Eqs. 5-2, 5-3, and 5-4, all coef-y w 
ficients of f , fw' r , r , and k are known. y y w 
5.1.1 Effect of load factor and stress ratio 
Initially, the plane frame is designed for the 
single loading shown in Fig. 2, with only bending moment 
defining the yield and working stress limits, i.e.: 
m 
+ --L < 1 (a) 
- m -ult 
(5-7) 
+..i< 1 (b) 
- mall -
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where my and mw are the bending moments of the yield and 
working member forces, respectively. 
The ratio pw/Py' denoted r, for this problem is: 
-pw 
r = _ = 
n 
~y 
cr S 
a 
= OZ = .9 
y 
(5-8) 
Thus, r is a "stress ratio", since its value depends solely 
on the ratio 0 /0 • 
a y 
In this phase of the problem, cr is held constant y 
at 36 ksi and r is set to values of 0.45, 0.55, 0.65, and 
0.75 by altering the value of Ga. In addition, the load 
factor, t, is varied from 1.33 to 2.33 in increments of 0.33. 
The results are presented in Figs. 3 and 4. 
In Fig. 3, the objective function is plotted against 
the load factor for the various values of r. It can be seen 
that for low values of t, the curves are horizontal, indi-
cating that only the working stress constraints control the 
solution. As the load factor increases, some of the yield 
constraints become active, as indicated by the curved sec-
tions, until the inclined straight line is reached. This 
line indicates that all the working stress constraints are 
inactive and the solution depends only on the yield con-
straints, and the value of the objective function is propor-
tional to the load factor. 
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For a single-story frame, the transition from a 
solution based solely on the working stress constraints to 
a purely plastic solution was found to be very abrupt. On 
the other hand, for a very large structure, the transition 
curves can be expected to be much longer than in Fig. 3. 
The results for the two-story frame are also pre-
sented in Fig. 4, with the volume plotted against the recip-
rocal of r for the various values of t. In this plot, the 
horizontal portions of the curves represent solutions based 
on the yield constraints and the inclined straight line indi-
cates that only the working stress constraints are active. 
5.1.2 Effect of member force interaction 
The solutions presented in the previous section 
were obtained without considering member force interaction, 
with bending moment only considered in the definitions of 
the yield and working stress limits. 
In order to demonstrate the effect of member force 
interaction, the frame with t = 2.00 and r = 0.65 (corre-
sponding to 0a = 26 ksi) is redesigned considering the effect 
of interaction between bending moment and axial force. The 
yield surface defined by Eqs. 2-15 and the working stress 
limits of Eq. 2-27 were considered in conjunction with one 
another, as well as with the simple limits of Eqs. 5-7. The 
volumes of the four structures thus designed are summarized 
below: 
Yield 
limits 
Eq. 5-7(a) 
Eq. 2-15 
Working stress limits 
Eq. 5-7 (b) 
4578 in3 
4641 in3 
Eq. 2-27 
4740 in3 
4769 in3 
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As could be predicted, considering interaction in 
either the yield or working stress constraints increased the 
volume of the structure, and the largest volume was obtained 
when interaction was considered in both. 
5.1.3 Effect of alternative loadings 
For the designs discussed in the previous two sec-
tions, the structure was considered to be acted upon by a 
single set of loads, as shown in Fig. 2. In order to demon-
strate the effect of alternative loadings, the same plane 
frame is designed for the independent loads shown in Fig. 5. 
Thus, the vertical forces represent the dead plus live load, 
while the .horizontal forces represent the wind load. 
The alternative loading combinations to be consid-
ered are defined as follows: 
(5-9) 
Because the member group designations (Fig. 2) dictate that 
the frame be symmetric, reversibility of the. wind load need 
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not be considered. 
'rhe frame is first designed wi thout member force 
interaction, using the yield and working stress limits de-
fined by Eqs. 5-7. Then, it is designed using the inter-
action relations of Eqs. 2-15 and 2-27. The results are: 
without interaction, volume 
with interaction, volume 
= 3520 in3 
= 3689 in3 
For the purpose of comparing these results to those 
from the previous section, it should be noted that the pre-
vious designs can also be obtained in terms of the independ-
ent loads of Fig. 5, by setting ~y = [2.00 2.00l and A = 
- w 
[1.00 1.00J. Thus, considering the less severe alternative 
loads of Eq. 5-9 reduced the volume of the frame without 
interaction from 4578 to 3520 in3 , and the volume of the 
frame with interaction from 4769 to 3689 in3• 
5.2 Space Frame Design 
In order to determine the applicability of the 
formulations and computer program to larger problems, the 
staircase of Fig. 6 is considered. The structure which 
supports the staircase (Fig. 7) lies along the centerline 
and has fixed supports at the upper and lower landings, with 
no intermediate supports of any kind. It is designed as a 
space frame (f = 6) and made of 12-inch square structural 
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tUbing with 0y = 36 ksi and 0a = 22 ksi. 
The design live load is taken as 100 psf and the 
dead load as 20 psf. Since loads are restricted to concen-
trated loads at the joints, the dead load plus live load is 
expressed as the set of 14 concentrated forces shown in 
Fig. 8 and the structure is divided into 15 segments (mem-
bers). The load factor, t, is taken as 1.85. 
The member force components which enter into the 
definitions of the yield and working stress limits are the 
torsional moment (m1 ) and the bending moments (m2 and m3). 
The member capacities are defined as: 
p = A 
x 
(a) 
- (b) (5-10) py = m2ult = m3ult 
- (c) Pw = m2a11 = m)all 
Selecting 4.66 inches as a typical radius of gyra-
tion and computing the torsional constant, Ix' the values 
needed in the K matrix are: 
A = 1 (a) x 
Ix 
Ix 
~ 35.9 (b) (5-11) = Ax 
I lz 
I z (4.66)2 = 21.7 (c) = = A~ y 
x 
The ultimate and allowable values of m1, m2 , and 
m3 are determined by computing their theoretical values [21J 
and reducing these by 10% (the same reduction required to 
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bring theoretical values of Ax' I z ' etc. into agreement with 
the handbook [lJ values) to obtain: 
m1u1t ~ 3.46 ° A (a) y x 
m2u1t = m3u1 t ~ 4. 50 ° Y Ax (b) (5-12) 
mlal1 ~ 3.46 ° A (c) a x 
m2al1 = ffi3a11 ~ 3. 60 0a Ax (d) 
Therefore, the coefficients needed for the ryl fw l 
r y ' and rw matrices are: 
P:i 4.50 a A 
= 
Y.. x 
= 1.30 m1u1t :3 .46 a A y x 
(a) 
P:y: 
= 
P:y: 
= 1.00 
m2u1t m3u1t 
(b) 
- 3.60 0a Ax Pw 1.04 = = m1a11 3.46 O"a Ax 
(c) 
-Pw 
= = 1.00 m3a11 
(d) 
P 4.50 ° A 
r =:..x = Y.. x = 162.0 (e) 
y p Ax 
3.60 0a Ax 
A 
x 
= 79.2 (f) 
(5-13) 
The yield limits are defined by a fictitious unit 
cube in ml - m2 - m3 space J i.e.: 
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+ 
m1 
< 1 
-
m1ult -
(a) 
+ 
m2 
< 1 
- m2u1t -
(b) (5-14) 
+ 
m:2 
< 1 
-
m3ult -
(c) 
'and the working stress limits are defined similarly (i.e., 
substitute "all" for "ult" in Eqs. 5-14). 
Two design cases are considered: (1) all the mem-
bers are identical (i.e., comprise a single member group), 
and (2) the horizontal members comprise one member group and 
the inclined members a second. 
The resulting designs are: 
1 memo ~ou£ 2 memo grou"Os 
horizontal members 15.62 in 2 16.74 . 2 area, In 
inclined members 15.62 in 2 5.76 . 2 area, In 
total volume 8597 in3 6597 in3 
It should be noted that the area of 5.76 in2 com-
puted for the inclined members in the second case is consid-
erably smaller than the area of the smallest 12-inch square 
tubing listed in the AISC handbook [lJ. 
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5.3 Computer Program Efficiency 
In solving the problems described in the preceding 
sections, there was a wide range of computer times required 
to obtain solutions. For all problems, a one per cent con-
vergence criterion was used, i.e., the solutions were it-
erated until the output values, p, were within one per cent 
of the input values, p. 
The plane frames designed considering only bending 
moment in the definitions of the yield and working stress 
limits (Section 5.1.1) required approximately 10 seconds each 
of IBM 360/75 processor time (5 for POST-FORTRAN + 5 for MPS) 
per iteration. On the average, five iterations were needed 
for the solutions to converge. 
Consideration of member force interaction (Section 
5.1.2) increased the computer time only slightly to an aver-
age of approximately 12 seconds (5 + 7) per iteration. A 
drop in the average number of iterations to four can be at-
tributed to a better selection of initial values for p. 
The inclusion of alternative loadings (Section 
5.1.3) caused a large increase in computer time. For the 
structure with no member force interaction, iterations of 30 
seconds (6 + 24) each were required. For the frame with in-
teraction, each iteration required 102 seconds (7 + 95) of 
computer time. In both cases, five iterations were needed 
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for convergence. 
The space frame designed with all members the same 
required 95 seconds (11 + 84). Because all members are iden-
tical, no cycling was required. The frame with two member 
groups required four iterations of approximately 106 seconds 
(11 + 95) each for convergence. 
It can be seen from the above that the time required 
for the POST-FORTRAN part of the program increased very slowly 
as the size of the problems increased, whereas the IvlPS time 
increased very rapidly. 
In addition to the structures presented in the pre-
ceding sections, it was attempted to obtain solutions to some 
larger problems. Solutions were not obtained for one of two 
reasonss (1) the structure was so highly constrained that 
the MPS L-P solver could not reach a feasible solution, or 
(2) the computer time required became so great that the cost 
became prohibitive. 
As an example of the former, it was attempted to 
design the staircase structure of Section 5.2 considering the 
yield limits defined by a unit tetrahedron, i.e.: 
+ + + < 1 (5-15) 
Even for the case with all members identical, a feasible 
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solution could not be obtained by the MPS program. 
An example of (2) above occurred when it was at-
tempted to design the staircase for alternative loads, con-
sidering one reversible wind loading in addition to the dead 
plus live load. Allowing the MPS program to run for twenty 
minutes, no solution was obtained. 
Chapter 6 
CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY 
6.1 Conclusions 
The formulation developed in this study represents 
a unified approach to the optimum design of framed struc-
tures. The solution process takes the form of an iterative 
set of linear programming problems. 
The formulation presents the following advantagesz 
(a) It is in a general form and can be applied to 
framed structures of all types. While developed for frames 
and grids, with minor modifications it can also be applied 
to the design of trusses. 
(b) Both ultimate capacity and worki~g stress 
limitations are considered. 
(c) The definitions of yield and working stress 
limits include the effect of member force interaction. 
(d) Multiple loads and alternative loading combi-
nations are considered. 
(e) Groups of members may be specified as being 
identical. 
While it is necessary to make various assumptions 
about the member sizes and shapes, this restriction does not 
appear to be unreasonable. Due to the iterative nature of 
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the solution process, the initial assumptions may be modi-
fied as the solution progresses. 
Satisfactory results were obtained for several sam-
pIe problems, as described in Chapter 5. Eowever, solutions 
could not be obtained for some larger problems. Apparently, 
general-purpose L-P programs, such as MPS, are not well 
suited for solving problems of the type defined by the formu-
lation which has been developed. 
6.2 Suggestions for Further Study 
There are many ways in which the formulation and 
implementation developed in this study can be extended or 
improved % 
(a) The objective function used in this study is 
somewhat restrictive. It should be generalized to include 
functions of all the variables (Ry ' Rw' andu', as well as 
p). It is possible, for example, to express the cost of 
connections as a function of the member forces [24J. 
(b) It seems feasible to take into account second-
ary effects due to displacement. The iterative solution 
process is ideally suited for this type of computation. 
(c) Buckling constraints for individual members 
can be considered either by redefining some of the matrices 
or by adding new constraints. 
(d) In this study, all loads are assumed to be 
known. It is possible, however, to consider loads which 
depend upon the member sizes (e.g., dead load due to the 
weight of the members) in the following manner: 
The loads of any independent loading, P', are 
taken as: 
P' = pI + P' 1 2 (6-1) 
where Pi is known and P2 can be expressed as a function of 
the member design capacities, in the form: 
P2 = G p (6-2) 
where G is a matrix of constants. The equilibrium equations 
are: 
(6-)) 
and can be rewritten by substituting Eqs. 6-1 and 6-2 into 
Eq. 6-3 and rearranging terms to give: 
(6-4) 
(e) The formulation, though developed for design, 
can be modified for use in analysis. For analysis, the sizes 
of the members, as expressed by p, are known. The loads can 
be expressed as a vector of constants, P', times an "analysis 
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factor," F. Thus, the equilibrium equations can be written 
as: 
and the objective function is to maximize F. Since D is 
known, the compatibility constraints can be left in the form 
of EQ. 2-34 and iteration is not necessary. For multiple 
loads, the objective function can be defined as a linear 
function of the several analysis factors F1 , F2 , ••• , Fni • 
(f) Imposing deflection constraints can cause spe-
cial computational difficulties [17J. While it would appear 
that such constraints can be incorporated into the formulation 
very simply by adding u'<u' to the constraints of Eqs. 2-44 
- ~x 
and 3-21, this approach was attempted for a very simple prob-
lem and it was found that the solution oscillated rather than 
converged. This phenomenon can be attributed to the fact that 
the stiffness matrix, as expressed by the product PK, is a 
constant during any iteration and does not take into account 
-changes in the member capacities, p. 
(g) It has been noted previously that the general-
purpose L-P solver was poorly suited for this study. There-
fore, special algorithms, such as the decomposition method 
[4J, should be investigated for possible use in solving the 
L-P problem. 
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(h) As an alternative to, or in addition to, (g) 
above, the possibility of employing a partially non-linear 
formulation should be investigated. If the values pare 
used in the compatibility constraints, rather than p, then 
Eq. 2-42 will appear as: 
pkAu t - R = 0 
w 
(6-6) 
where the first term is non-linear since the products of 
variables p and u' appear. 
Despite the difficulties which can be anticipated 
in implementing such a formulation, it does present two dis-
tinct advantages over the purely linear formulation: (1) so-
lutions can be obtained in one step, without iteration, and 
(2) this type of formulation appears to proviqe an answer to 
the problem of including deflection constraints in the formu-
lation (see (f) above). 
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APPENDIX 
NOTATION 
branch-node incidence matrix 
member cross-sectional area 
scaled member area 
diagonal matrix of n. submatrices At 
1 
number of members 
depth of member 
modulus of elasticity 
number of degrees of freedom 
translation matrix for member i 
identity matrix 
torsional constant 
moments of inertia about member y- and z-axes 
scaled values of Ix' I y ' and I z 
unassembled stiffness matrix 
scaled stiffness matrix 
vector of member lengths 
member length 
bending moment 
torsional moment 
bending moments 
number of free joints 
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P' 
p' p' y' w 
p 
-p 
= P 
piCA 
R 
Ry ' Rw 
R' R' y' w 
R' R' y' w 
R*, R* Y w 
-* r\ Ry ' n: 
r 
r y , rw 
S 
T. 
1. 
t 
u' 
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number of independent loads 
number of yield and working alternative 
loading combinations 
vector of joint loads 
vectors of yield and working joint loads 
axial force 
vector of member reference capacities 
member yield and working stress capacities 
matrix containing trial member capacities 
diagonal matrix of nw submatrices pkA 
vector of member forces 
vectors of yield and working member forces 
vectors of forces at both ends of the members 
vectors of force components used to define 
yield and working stress limits 
vectors of normalized member forces 
vectors of combined member forces 
stress ratio pwipy 
diagonal matrices of ratios PyiP and pwip 
elastic section modulus 
number of linear segments defining yield and 
working stress limits 
rotation matrix for member i 
load factors 
matrices used in member force constraints 
vector of elastic joint displacements 
v 
z 
fy' fw 
Yl' Y2 
~y' !J. w 
8, y 8 w 
9 1 , 92 
A y ' Aw 
A y' AW 
A* w 
IIy ' l\; 
cry' O"a 
Q 
Subscri:Qts 
A, B 
A, B, ... 
a, all 
i 
u, ult 
w 
y 
vector of elastic member distortions 
plastic section modulus 
normalization matrices 
coefficients of the fy matrix 
extractor matrices 
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matrices defining linear combinations of 
normalized forces 
constants defining yield surface segment 
matrices used in member force constraints 
for alternative loads 
matrices which define alternative loading com-
binations for yield and working loads 
matrix used in compatibility constraints 
for alternative loads 
matrix products 8yr~yQ and ewfw~Q 
yield and allowable stresses 
matrix which transforms vector of member B-
end forces into vector of forces at 
both ends of the members 
positive and negative member ends 
combined working loads 
allowable 
typical member i 
ultimate 
working stress 
yield 
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a, S, •.. independent loads 
Superscript 
t matrix transposition 
1 • 
2. 
4. 
5. 
6. 
8. 
10. 
11. 
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